Light-Ring Stability for Ultracompact Objects by Cunha, P. V. P. et al.
Light-Ring Stability for Ultracompact Objects
Pedro V. P. Cunha,1,2 Emanuele Berti,3,2 and Carlos A. R. Herdeiro1
1Departamento de Física da Universidade de Aveiro and CIDMA, Campus de Santiago, 3810-183 Aveiro, Portugal
2CENTRA, Departamento de Física, Instituto Superior Te´cnico, Universidade de Lisboa,
Avenida Rovisco Pais 1, 1049 Lisboa, Portugal
3Department of Physics and Astronomy, The University of Mississippi, University, Mississippi 38677, USA
(Received 3 August 2017; revised manuscript received 18 October 2017; published 18 December 2017)
We prove the following theorem: axisymmetric, stationary solutions of the Einstein field equations
formed from classical gravitational collapse of matter obeying the null energy condition, that are everywhere
smooth and ultracompact (i.e., they have a light ring) must have at least two light rings, and one of them is
stable. It has been argued that stable light rings generally lead to nonlinear spacetime instabilities. Our result
implies that smooth, physically and dynamically reasonable ultracompact objects are not viable as
observational alternatives to black holes whenever these instabilities occur on astrophysically short time
scales. The proof of the theorem has two parts: (i) We show that light rings always come in pairs, one being a
saddle point and the other a local extremum of an effective potential. This result follows from a topological
argument based on the Brouwer degree of a continuous map, with no assumptions on the spacetime
dynamics, and, hence, it is applicable to any metric gravity theory where photons follow null geodesics.
(ii) Assuming Einstein’s equations, we show that the extremum is a local minimum of the potential
(i.e., a stable light ring) if the energy-momentum tensor satisfies the null energy condition.
DOI: 10.1103/PhysRevLett.119.251102
Introduction.—The historic LIGO gravitational-wave
(GW) detections [1–3] provide strong evidence that astro-
physical black holes (BHs) exist and merge. LIGO and the
space-based detector LISA [4] will allow us to test the
nature of compact objects and the strong-field dynamics of
general relativity in unprecedented ways [5–9].
All LIGO detections so far are consistent with the
inspiral, merger, and ringdown waveforms produced by
binary BH mergers. In particular, the ringdown phase is
sourced by the relaxation of the final perturbed BH into
equilibrium, and it has been regarded as a distinctive
signature of BHs [10,11]. There is a well-known corre-
spondence between the complex quasinormal oscillation
frequencies of a BH and perturbations of the light ring
[12–15]. Intriguingly, because of this correspondence, all
compact objects with a circular photon orbit, i.e., a light
ring (LR), but with no horizon—hereafter dubbed ultra-
compact objects (UCOs)—initially vibrate like BHs, and
only later display oscillation features that depend on
their internal structure (w modes or “echoes” [16–23]).
Therefore LIGO observations of a ringdown signal con-
sistent with a Kerr BH imply the presence of a LR, but they
do not necessarily exclude the possibility that the merger
remnant may not be a BH [24].
Could the LIGO events be sourced by horizonless UCOs
rather than BHs? In this work we show that UCO mergers
are unlikely within a physically reasonable dynamical
framework. We consider the possibility that horizonless
UCOs form from the gravitational collapse of unknown
forms of matter that can withstand collapse into a BH.
Assuming cosmic censorship [25] and causality, such
UCOs are smooth and topologically trivial [26]. For such
UCOs we prove that LRs always come in pairs, one being a
saddle point and the other a local extremum of an effective
potential. The local extremum might be either stable or
unstable, but Einstein’s equations imply that instability is
only possible if the UCO violates the null energy condition.
Thus, UCOs formed through the collapse of reasonable
(albeit exotic) matter must have a stable LR.
It has been argued that spacetimes with a stable LR
are nonlinearly unstable [27,28]. Unless these instabilities
operate on time scales much longer than a Hubble time, our
results imply that smooth, physically reasonable UCOs are
generically unstable, and therefore that these objects are
unfit as sensible observational alternatives to BHs.
Setup.—Various sorts of exotic compact objects have
been discussed in the literature, some of which may
become sufficiently compact to possess LRs. These include
boson [29] and Proca stars [30], gravastars [31], super-
spinars [32], and wormholes [33]. Most of these models,
however, are incomplete, in the sense that no dynamical
formation mechanism is known. Boson stars are an
exception in this regard, because they have been shown
to form dynamically (at least in spherical symmetry) from a
process of gravitational collapse and cooling [34]. It is
unclear whether collapse can produce ultracompact, rotat-
ing boson stars: in fact, recent numerical simulations
suggest that it may not be possible to produce rotating
boson stars from boson star mergers [35]. Still, we take
spherically symmetric simulations with gravitational cool-
ing as a plausibility argument that some UCOs could
form dynamically from classical (incomplete) gravitational
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collapse, starting from an approximately flat spacetime.
The collapse stalls before the formation of an event horizon
or high-curvature region, but the resulting compactness
allows for LRs. Assuming causality, classical dynamical
formation from an approximately flat spacetime implies,
via a theorem of Geroch [26], that the resulting spacetime is
topologically trivial, so that the discussion does not apply
(e.g.) to wormholes.
Once equilibrium is attained, we assume that the UCO is
described by a four-dimensional, stationary and axisymmet-
ric geometry. We use quasi-isotropic coordinates (t, r, θ, φ),
adapted to the commuting azimuthal (∂=∂φ) and stationarity
(∂=∂t) Killing vectors. We further assume that the metric
is invariant under the simultaneous reflection t → −t and
φ → −φ. Themetric functions are assumed to be everywhere
smooth (apart from standard spherical coordinate singular-
ities). No event horizon exists, and no reflection symmetry
Z2 is required on the equatorial plane θ ¼ π=2. Gauge
freedom is used to set grθ ¼ 0, grr > 0 and gθθ > 0. To
prevent closed timelike curves we require gφφ > 0. Here and
until otherwise specified we do not make assumptions on the
field equations, so that the results apply to any metric theory
of gravity in which photons follow null geodesics.
The Hamiltonian H ¼ 1
2
gμνpμpν ¼ 0 determines the
null geodesic flow, where pμ denotes the photon’s four-
momentum. The two Killing symmetries yield two con-
served quantities: pt ≡ −E and pφ ≡Φ, respectively,
(minus) the photon’s energy and angular momentum at
spatial infinity. The Hamiltonian can be split into a
potential term, Vðr; θÞ ≤ 0, plus a kinetic term, K ≥ 0:
2H¼KþV¼0, where
K ≡ grrpr2 þ gθθpθ2; ð1Þ
V ≡ gttE2 − 2gtφEΦþ gφφΦ2: ð2Þ
A LR is a null geodesic with a tangent vector field that
is always a linear combination of (only) the Killing vectors
∂t and ∂φ. This implies that the momentum must satisfy
pr ¼ pθ ¼ _pμ ¼ 0. These conditions can be reformulated
using the effective potential V. Indeed, H ¼ 0 implies that
the following three conditions are equivalent:
V ¼ 0⇔ K ¼ 0 ⇔ pr ¼ pθ ¼ 0: ð3Þ
Hamilton’s equations imply
_pμ ¼ −ð∂μgrrp2r þ ∂μgθθp2θ þ ∂μVÞ=2; ð4Þ
where the dot denotes a derivative with respect to an affine
parameter. Thus, at a LR (pr¼pθ¼ _pμ¼0) we must have
V ¼ ∇V ¼ 0: ð5Þ
The projection of a LR orbit on the configuration space
(r, θ) will be simply a point, not necessarily on the
equatorial plane. Moreover, a LR will be stable (unstable)
along a direction xα if ∂2αV is positive (negative).
The potential functions H.—The “potential” V has
the shortcoming of depending on the photon’s parameters
(E, Φ). Healthier potentials can be introduced as follows
[36,37]. First, cast V in terms of the covariant metric
components:
V ¼ − 1
D
ðE2gφφ þ 2EΦgtφ þΦ2gttÞ; ð6Þ
whereD≡ g2tφ − gttgφφ > 0. Second, observe thatΦ ≠ 0 at
a LR. Indeed, if Φ ¼ 0 and E ≠ 0, then V ≠ 0, and Eq. (5)
implies that a LR is not possible. Furthermore, physical
photons cannot have E ¼ Φ ¼ 0, because they must satisfy
E > −Φgtφ=gφφ (from the requirement that the photon’s
energy must always be positive for a local observer [36]).
Since Φ ≠ 0, we define the (inverse) impact parameter
σ ≡ E=Φ and factorize V as V ¼ −Φ2gφφðσ −HþÞ×
ðσ −H−Þ=D, introducing the everywhere regular potential
functions
Hðr; θÞ≡ −gtφ 
ﬃﬃﬃﬃ
D
p
gφφ
; ð7Þ
which are independent of the orbital parameters E, Φ. The
LR condition V¼0 requires that either σ ¼ Hþ or σ ¼ H−.
These conditions are mutually exclusive, since σ ¼ H
implies that σ −H∓ ¼ H −H∓ ¼ 2
ﬃﬃﬃﬃ
D
p
=gφφ ≠ 0, and,
in fact, they are not constraints on H. They simply
determine the impact parameter at the LR. Thus, the LR
conditions, V ¼ ∇V ¼ 0 translate, for the potentials H,
into the sole requirement of a critical point: ∇H ¼ 0.
To infer the stability of a LR one considers the second
derivatives of H. In particular, at a LR
∂2μV ¼ 

2Φ2ﬃﬃﬃﬃ
D
p

∂2μH: ð8Þ
Thus, the signs of ∂2μV and ∂2μH coincide. A LR can be
either a local extremum of H or a saddle point. A saddle
point has two proper directions with opposite stability
properties, determined as the eigenvectors of the Hessian
matrix at the LR; at a local extremum, both directions have
the same stability properties. In particular, if both directions
are stable the LR is stable, otherwise it is globally unstable.
LRs always come in pairs.—We will now show that
under the dynamical formation scenario we have described
above, LRs of an UCO always come in pairs, with one
being a saddle point and the other a local extremum of H.
The proof relies on a simple topological argument.
Consider the vector fields v, with components vi ¼∂iH, where i ∈ fr; θg. Let X be a compact, simply
connected region of the (r, θ) plane. Both X and v are
two dimensional. The fields v are maps from X to 2D
spaces Y, parametrized by the components of vi. In
particular, a point in X where v vanishes—a critical point
of H, that describes a LR—is mapped to the origin of Y.
For maps between manifolds such as the ones above,
one can define a topological quantity, called the Brouwer
degree of the map (see, e.g., Refs. [38,39]), that is invariant
under continuous deformations of the map. Consider two
compact, connected and orientable manifolds X, Y of equal
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dimension and a smooth map f∶X → Y. If y0 ∈ Y is a
regular value of f, then the set f−1ðy0Þ ¼ fx1;x2;…g has a
finite number of points, with xn ∈ X, such that fðxnÞ ¼ y0,
and the Jacobian Jn ¼ det ð∂f=∂xnÞ ≠ 0. The sign of Jn
embodies how the vector basis in X projects into the basis
in Y, and, thus, if the map is orientation preserving or
orientation reversing. The Brouwer degree of the map f
with respect to y0 ∈ Y is given by degðfÞ ¼
P
nsgnðJnÞ.
The central property of this quantity is that it does not
depend on the actual choice of the regular value y0, but it is
rather a topological property of the map itself. Moreover, it
is invariant under homotopies, i.e., continuous deforma-
tions of the mapping.
To apply this tool to our setup, we take the map f to be
either of the vector fields v; thus, the maps have compo-
nents fi¼vi¼∂iH. We choose the origin of Y as our
reference point yi0 ¼ f0; 0g. Then the degree of f becomes
degðfÞ ¼
X
n
sgn½detð∂j∂iHÞxn ; ð9Þ
where det ð∂j∂iHÞ ¼ grrgθθ½∂2rH∂2θH − ½∂2rθH2 has
sign 1 (−1) for a local extremum (saddle point). Thus, we
assign a topological charge w≡ sgnðJnÞ to each point in
X, where v vanishes, corresponding to a LR, and sum over
all contributions to get the Brouwer degree of v.
The key point is now that the degree will be preserved
under a continuous deformation of v, like what we have
assumed will occur as the result of the process of
(incomplete) gravitational collapse. In the initial stages
of the collapse the compact object is not yet sufficiently
compact to possess LRs. Thus taking X to be any r, θ
domain (except for the standard spherical singularities), we
have w ¼ 0: no points with v ¼ 0 exist (cf. left panel of
Fig. 1 for an illustrative example). As the collapse ends, the
v functions are smoothly deformed and LRs arise, but the
total w must still vanish. It follows that saddle points and
local extrema of H must form in pairs under a continuous
deformation of the metric functions (right panel of Fig. 1).
Therefore, LRs must come in pairs, with one being a local
extremum of H and the other a saddle point. In fact, the
argument applies to any spacetime that can be continuously
deformed into flat spacetime.
Spherical symmetry.—So far, we have established that a
smooth UCO spacetime must have at least two LRs, one of
them being a local extremum of the potential, but we have
not yet clarified if this extremum is a stable or an unstable
LR. We will first address this question for spherically
symmetric spacetimes. In this simple case we can show that
such LRs are always stable, without further assumptions.
If the UCO spacetime is spherically symmetric, the
metric can be reduced to the form
ds2 ¼ −NðrÞdt2 þ 1
gðrÞ dr
2 þ r2ðdθ2 þ sin2 θdφ2Þ: ð10Þ
The functionsH are explicitly given in terms of the metric
functions by H ¼ 
ﬃﬃﬃﬃ
N
p
=ðr sin θÞ. Because of symmetry,
we can restrict our analysis to the equatorial plane θ ¼ π=2
without loss of generality; if LRs exist, they can be
analyzed on this plane.
The derivatives ofH along θ on the equatorial plane are
∂θH ¼ ∓
ﬃﬃﬃﬃ
N
p
r
cos θ
sin2 θ
¼ 0; ð11Þ
∂2θH ¼ 
ﬃﬃﬃﬃ
N
p
r

1þ cos2 θ
sin3 θ

: ð12Þ
We can then conclude that ∂2θH > 0⇒ ∂2θV > 0. This
implies that the effective potential is always stable along θ.
Recall that for each LR pair that is created, one LR is a
local extremum of H, whereas the other is a saddle point.
Since both LRs are stable along the θ direction, in a
spherically symmetric spacetime the local extremum ofH
must be a globally stable LR.
Axisymmetry.—We now turn to the generic case of
axisymmetry (and stationarity). So far, the arguments have
made quantitative use of test photon dynamics but not of
spacetime dynamics, making them independent on the
equations of motion. In order to assess, in the generic
axisymmetric case, if the LR that extremizes H is a local
maximum or minimum of V, we will assume Einstein’s
field equations (in geometrized units): Gμν ¼ 8πTμν. If the
energy-momentum tensor Tμν satisfies, at every point on
the spacetime, the null energy condition
ρ≡ Tμνpμpν ≥ 0 ð13Þ
for any null vector pμ (i.e., pμpμ ¼ 0), it follows that the
LR that extremizesH is a localminimum of V, and, hence,
globally stable. To establish this result we will restrict pμ,
from all the possible null vectors, to be the four-momentum
of a null geodesic. Moreover, we will restrict the compu-
tation of ρ to the location of a LR orbit. It will be convenient
to split the spacetime coordinates into two sets: xμ ¼
fxa; xig, where fxag ¼ ðt;φÞ and fxig ¼ ðr; θÞ. We will
use Greek indices for the full range of spacetime coor-
dinates, early latin indices (a, b, c, d) for the Killing
Local maximum
Saddle pointNo critical points
FIG. 1. Conservation of the Brouwer degree under a smooth
deformation of a 2D map ðx; yÞ → ∇H. We have chosen the
illustrative potential Hðx; yÞ ¼ xðx2 − aÞ − ð1þ x2Þy2, where a
is a local deformation parameter that does not affect the
asymptotic behavior of the map. Left panel: a ¼ −2; there are
no critical points and the Brouwer degree is zero. Right panel:
a ¼ 1; there are two critical points (one local maximum and one
saddle point) and the Brouwer degree is still zero.
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coordinates (t, φ), and middle alphabet latin indices (i, j, k)
for the nontrivial directions (r, θ). With this notation,
we note the following properties. In general, ∂agμν ¼ 0,
gai ¼ 0, and pa ¼ constant. Moreover, specifically at LRs,
pi ¼ 0 and V ¼ papa ¼ 0.
Next, we wish to compute the derivatives of V and
compare them with different geometrical quantities
at LRs. It will be useful to bear in mind that the metric
gμν is block diagonal in the fxag and fxig parts. Hence,
e.g., gabgbμ ¼ δaμ. We start by computing the first deriva-
tives of the potential V:
∂aV ¼ 0; ∂iV ¼ −papb∂igab: ð14Þ
Looking at the Christoffel symbols Γμab one then obtains
1
2
∂μV ¼ Γμabpapb: ð15Þ
Observe that this expression is nontrivial only for μ ¼ i.
We now need the second derivatives of V. A slightly
lengthier computation shows that
papb∂iΓiab ¼ 12 ∂i∂
iV − 2B; ð16Þ
where B≡ ðgabpcpdgij∂igac∂jgbdÞ=2. Now we invoke
Einstein’s field equations to write ρ, defined in Eq. (13), as
8πρ ¼

Rμν −
1
2
gμνR

pμpν ¼ Rμνpμpν: ð17Þ
Equivalently, expanding the Ricci tensor, we have at a LR
8πρ ¼ papbð∂iΓiab − ΓμaνΓνbμÞ: ð18Þ
An expression for the first term on the right-hand side is
provided by Eq. (16). Concerning the second term, it can be
reexpressed, at a LR, as
papbΓμaνΓνbμ ¼ −B: ð19Þ
Plugging Eqs. (19) and (16) into Eq. (18) yields
8πρ ¼ 1
2
∂i∂iV − B: ð20Þ
Wewill now show that B ¼ 0 at a LR. Since pa ¼ const,
we can rewrite B ¼ gab∂iðpaÞ∂iðpbÞ=2, or, more explicitly,
2B¼grrfgttð∂r_tÞ2þ2gtφð∂r_tÞð∂r _φÞþgφφð∂r _φÞ2g
þgθθfgttð∂θ_tÞ2þ2gtφð∂θ_tÞð∂θ _φÞþgφφð∂θ _φÞ2g: ð21Þ
The “trick” is now to write ∂i _φ as a function of ∂i_t. Since
V ¼ papa ¼ −E_tþΦ _φ, we have ∂iV ¼ −E∂i_tþΦ∂i _φ.
At a LR ∂iV ¼ 0, and, thus, ∂i _φ ¼ ðE=ΦÞ∂i_t. Returning to
B, Eq. (21) becomes
2B¼½grrð∂r_tÞ2þgθθð∂θ_tÞ2

gttþ2gtφ
E
Φ
þgφφ
E2
Φ2

: ð22Þ
By comparing with Eq. (6) we see that the last factor is
proportional to V, and so it vanishes at a LR. From Eq. (20)
we therefore conclude that, at a LR
ρ≡ Tμνpμpν ¼ 1
16π
∂i∂iV: ð23Þ
This elegant and compact result informs us that the trace
of the Hessian matrix of V at a LR determines whether the
null energy condition is violated or not. Explicitly, at a LR,
∂i∂iV ¼ grr∂2rV þ gθθ∂2θV. Since grr > 0 and gθθ > 0, if∂2rV and ∂2θV are both negative (positive) then the null
energy condition is violated (satisfied).
We could also consider extensions of Einstein’s theory
whose field equations may bewritten asGμν ¼ 8πTμνeff , where
Tμνeff is an effective energy momentum tensor. Then, trivially, a
similar result applies, but now thenull energy condition (NEC)
is stated in terms of this tensor:Tμνeffpμpν ≥ 0, withpμpμ ¼ 0.
Conclusions and remarks.—It has long been suggested
that “BH mimickers”—horizonless ultracompact objects
of a mysterious nature and composition—could exist in
nature. Detailed observations of celestial BH candidates in
electromagnetic or gravitational radiation are expected to
provide clear smoking guns to distinguish concrete models
of BH mimickers from “ordinary” BHs.
GWs are one of the cleanest and most pristine observ-
ables to investigate the true nature of BH candidates, in
particular, in the wake of the first detections by LIGO.
Recent intriguing arguments imply that UCOs could mimic
ordinary BHs even in the GW channel. The potential
similarity between these exotic UCOs and BHs originates
from the shared feature that a LR exists, together with the
realization that the most distinctive GW signature of a
perturbed BH (its ringdown radiation) is initially dominated
by the vibrations of this LR.
No observational evidence exists, as yet, for UCOs; but
scientific open mindedness requires considering all theo-
retical possibilities which are not observationally excluded.
If one is willing to seriously contemplate the existence of
such horizonless UCOs as BH mimickers, however, one
should consider them in all of their physical aspects,
starting with plausible formation scenarios. Here we
conservatively assumed that UCOs form from the classical
(albeit incomplete) gravitational collapse of some yet
unknown form of matter. This fairly unspecific assumption,
together with the assumptions that the UCO is smooth and
causal, led us to a compelling conclusion: if the UCO has
the necessary LR to mimic a BH’s ringdown, it must also
have at least another LR. If the UCO is spherically
symmetric, the second LR is necessarily stable, without
any further requirements. In the more general (and realistic)
case where the UCO is axisymmetric, the LR is stable
unless the matter collapsing to form the UCO violates
the null energy condition. These results apply to a
UCO spacetime that is continuously deformable into
Minkowski spacetime. The impact of nontrivial topology
is briefly discussed in the Supplemental Material [40].
These generic conclusions are in agreement with UCOs
studied in the literature. For instance, explicit examples
where boson stars become UCOs have been considered in
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[36,37,43]: in all these cases the matter obeys the null
energy condition, and indeed LRs always emerge in pairs,
with one of them being stable. There is a degenerate case in
which the two LRs coincide [44].
Note that the null energy condition is relevant in a central
result of general relativity, namely, Penrose’s singularity
theorem [45]. This theorem strengthens our results: as a
byproduct of Penrose’s singularity theorem, there is no
need to assume that our ultracompact object is horizonless.
If a trapped surface were to form, the singularity theorem
would imply the formation of a curvature singularity in the
future evolution of the spacetime. Thus, together with the
null energy condition, our assumption of smoothness
implies that the UCOs we consider are horizonless.
The existence of a stable LR allows electromagnetic or
gravitational radiation to pile up in its neighborhood. This
radiationmay not decay fast enough, potentially triggering a
nonlinear spacetime instability [27,28]. If such instabilities
are generic, UCO candidates formed from classical gravi-
tational collapse must have astrophysically long instability
time scales in order to be considered as serious alternatives
to the BH paradigm. The calculation of instability time
scales in nonlinear evolutions of UCOs will require numeri-
cal work that is beyond the scope of this Letter.
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